Abstract. The problem of homogenization, i.e. substantial reduction of the electrical size of the average lattice constant, of electromagnetic left-handed (LH), or more generally composite right/left-handed (CRLH) metamaterials (MTMs), is presented. The undesirable effects of an electrical very large structural unit cell are explained and illustrated by full-wave simulations and experiments with CRLH mushroom structures. These effects are limited bandwidth, anisotropy, poor refraction due to coupling of the fundamental wave with space harmonics and diffraction at interfaces with other media. Transmission line method (TLM) simulations demonstrate that homogenization may mitigate or suppress these parasitic effects. In addition, the challenging necessity of drastically increasing inductances and capacitances in the homogenization process is demonstrated for CRLH MTMs.
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Introduction
Metamaterials (MTMs), which are defined as artificial effective structures exhibiting useful properties not readily available in Nature, constitute a new paradigm in science and engineering. Left-handed (LH) [1, 2] MTMs have drawn particular attention due to their attribute of negative refractive index (NRI). 4 NRI is associated with simultaneously negative permittivity ε [3] and negative permeability µ [4] , and results in highly unusual phenomena such as reversed Snell's refraction, Doppler effect and Vavilov-Cerenkov radiation [1] as well as subwavelength imaging diffraction [5] .
Two main categories of LH MTMs have been reported: volumetric resonant structures made of thin wires (TWs) and split-ring resonators (SRRs) [2] - [4] , and planar nonresonant transmission line (TL) type structures made of distributed inductors and capacitors [6] - [9] . While the former may be utilized for beam-shaping electromagnetic waves in 3D space, the latter present the advantage of lower losses over a broader bandwidth and have already been demonstrated in various novel component and antenna applications [10] - [14] .
The objective of the present paper is threefold: exploring the consequences of the artificial structure of MTMs, identifying the conditions for rendering them as effective as natural substances and illustrating the benefits of homogenization of their architecture. The discussion is mostly based on TL LH MTMs, and more specifically on composite right/left-handed (CRLH) MTMs (section 3) [12] , which represent a broadband generalization of TL LH MTMs. However, the considerations and results presented also largely pertain to other types of LH structures.
Section 2 exposes the problem of homogenization in MTMs. Section 3 lays out the fundamental bases of CRLH MTMs. The conditions for homogenization of a CRLH MTM are established and demonstrated theoretically in section 4. Section 5 demonstrates the bandwidth enhancement and section 6 describes the isotropy improvement resulting from homogenization. Finally, section 7 presents two practical examples of CRLH TL MTMs; the first is an isolated mushroom structure excited in its centre and the second is a mushroom structure presenting a parabolic interface with a RH medium. Full-wave simulation and experimental field distributions are shown to characterize the electromagnetic propagation and assess the effects of imperfect homogeneity in these structures. Transmission line method (TLM) results illustrate the benefits of homogenization in terms of refraction purity.
The problem of homogenization
In contrast to photonic crystals [15] , which are generally operated in their 'Bragg regime,' where the lattice constant p is typically of the order of half a guided wavelength, p ≈ λ g /2, MTMs are operated in the long-wavelength regime, where the average lattice constant p is much smaller than the guided wavelength, p λ g , that the structure exhibits a macroscopic behaviour rigorously characterizable in terms of the constitutive parameters ε and µ. The MTM is then similar to a real 'perfectly' homogeneous material, where the role of atoms or molecules is played by the structural units. Thus, it represents a 'real artificial' material, an oxymoronic term suggesting 3
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However, achieving the condition p λ g is not a straightforward matter in practice. Typical MTM structures reported to date most often exhibit a structural cell size of p ≈ λ g /5 − λ g /15 in their frequency range of operation. For instance, the first LH structure, that was demonstrated experimentally by Shelby et al in [16] , had a unit cell of around p ≈ λ g /6. While the condition p < λ g /4, sometimes called the 'lumped-element' limit by microwave engineers [17] , may be considered a sufficient rule of thumb requirement for avoiding constructive interference of the waves reflected by adjacent lattice sites (which opens up band gaps in photonic crystals), parasitic diffraction effects are necessarily present with increasing importance when the ratio p/λ g approaches 1/4. These effects include poor refraction, characterized by diffuse focal spots comparable to those caused by optical aberrations, diffraction losses due to the scattering occurring at each cell and restriction of the operation bandwidth.
In general, these parasitic diffractive effects strongly limit the potential of LH MTMs and MTMs, in particular for quasi-optical [18] applications, such as for instance couplers, phase shifters, lens antennas and beam formers. Consequently, developing the capability for designing novel types of MTMs with higher degree of homogeneity (e.g. one order of magnitude higher) represents a major challenge to meet for the next generations of MTMs.
CRLH MTMs
A conventional, RH, TL can be modelled by an infinitesimal circuit with series inductance and shunt capacitance. It can be easily shown that the dual of such a TL, characterized by series capacitance and shunt inductance exhibits antiparallel phase and group velocities [19] , and is therefore, by definition, an LH TL. Although such a line is purely hypothetical and is not readily available from natural materials, an MTM LH, constituted of series interdigital capacitors and parallel stub inductors, was recently demonstrated in [20] and integrated into several microwave applications [11] . It was further shown that this concept of LH TL could be extended to two dimensions, where negative refraction was demonstrated both theoretically and experimentally [8, 9] . Figure 1 (a) depicts a planar (2D) mushroom structure. This structure was first introduced as a high-impedance surface in [21] . It was later recognized that, if it had enhanced series capacitance (obtained for instance from smaller gaps between the patches, higher permittivity of the substrate, or overlay capacitive plates), this structure was in fact a 2D LH structure, and it was demonstrated to produce negative focusing in [9] , as the chip-component structure demonstrated in [8] . However, the equivalent circuit of this structure is the one shown in figure 1(b) , which also includes a natural RH series inductance and shunt capacitance contributions. Inspection of this circuit model reveals that the LH contributions (L L and C L ) are dominant at lower frequencies while the RH contributions (L R and C R ) are dominant at higher frequencies. The exact behaviour of the structure at any frequency results from the combined influences of the RH and LH contributions. Far from representing parasitic elements, the RH contributions may be exploited in many ways and, in conjunction with the LH contributions, lead to the generalized concept of CRLH MTMs [12] .
The fundamental relations for a CRLH TL structure can be derived from standard TL theory [22] extended to 2D (or 3D) [8, 9] . Assuming that the electrical size of the unit cell is small enough 
(p λ g ) and defining the series and shunt resonances respectively, by
one obtains the dispersion (β) and attenuation (α) relations 
The equivalent constitutive parameters of the CRLH TL structure may be obtained by mapping between Maxwell's equations and the telegrapher's equations, which yields
A particularly interesting situation occurs when the series and shunt resonances are equal or 'balanced,' ω se = ω sh = ω 0 [9] - [11] . Under this condition, these resonances cancel each other and, as a consequence, the typical gap occurring in periodic structures at the spectral origin ( point) closes up, yielding a transition frequency f 0 between the LH and RH ranges with nonzero group velocity and infinite phase velocity [12] . The balanced-design propagation constant β, attenuation coefficient α and characteristic impedance Z c can be derived from (2) as
It appears that the balanced characteristic impedance is independent of frequency. This means that the balanced condition also represents the condition for broadband matching. A CRLH TL structure, as understood from its model of figure 1(b) , is in effect a band-pass filter. Regarding bandwidth, we still need information regarding the cutoff frequencies, corresponding to Bragg resonances. These frequencies at the X point of the Brillouin zone are given by the formulae [12] 
where Figures 1(c) and (d) show typical CRLH dispersion diagrams and the corresponding (dispersive) refractive indices respectively, for unbalanced and balanced designs. This graph is a lumped-element approximation of a real 2D CRLH TL structure, but it is very accurate in the vicinity of the spectral origin (β π/4p), where the structure is effectively homogeneous in its fundamental mode since p λ g /4. It may be seen in figure 1(d) that, as expected, the refractive indices along the x and xy direction of the structure are identical near the phase origin (βp = 0) and progressively diverge from each other as one progresses towards the X and M Bragg spectral points, where the structure becomes strongly anisotropic.
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Conditions for homogenization of a CRLH MTM
The homogenization problem that a MTM designer may have to face in practice would be the following.A MTM structure of average lattice 5 constant p exhibits an appropriate refractive index law n(ω) for a specific need (e.g. generation of a focus at a given distance from an interface), but has a too coarse structure to allow high-quality refraction (e.g. highly confined focal spot). How can we homogenize this MTM to improve its quality while keeping its characteristic n(ω) unchanged?
Since n(ω) = β(ω)/k 0 = cβ(ω)/ω, we need to keep the propagation constant relation β(ω) unchanged to keep n(ω) unchanged. For simplicity, and without loss of generality, let us consider the case of a balanced CRLH MTM, the dispersion relation of which was given in (5), and consider that the average constant is divided by a (frequency-independent) factor ζ to become p/ζ. We have then
where the subscript ζ has been introduced to the new values of the inductances and capacitances required for unchanged β(ω) with respect to the case ζ = 1. These values are straightforwardly found to follow the relations
For the structure to be balanced, i.e. intrinsically matched over a broad bandwidth, we must have in addition, according to the last relation of (5)
Equations (9) and (10) constitute a system of three equations in the four unknowns L Rζ , C Rζ , L Lζ and C Lζ . There is thus one degree of freedom available, which may be exploited to accommodate some design constraints. The simplest solution would be
These relations reveal the following essential fact. If the size of the unit cell is reduced (ζ > 1), then the RH inductance and capacitance must be decreased accordingly, but the LH inductance and capacitance must be 'increased' accordingly! Whereas it seems quite natural to achieve lower reactance over a smaller volume, since the reactive energy stored is proportional to a volume, the requirement of higher inductance and capacitance may seem at first somehow discouraging. However, we believe that this problem has a practical solution. Since volume is compressed, we cannot use larger lengths for larger inductance and larger surfaces for larger capacitance. But the alternative to generating large electric and magnetic fluxes is to resort to 7
Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT high permittivity and permeability materials such as ceramics or ferroelectrics and ferrimagnetics respectively. The case of the capacitor is relatively straightforward, requiring simply a very tiny spacing in a parallel-plate structure with high-permittivity dielectric. The case of the inductor is more delicate, because of the presence of eddy currents producing prohibitive losses; however, smaller-scale micro/nano-structured magnetic materials open-circuiting these currents may be envisioned as a solution to this problem.
Comparable but distinct prediction may be formulated for SRR/TW type structures. From a microwave engineering point of view, (nonresonant long) TWs [3] represent inductors L tw and SRRs [4] represent loop series resonators L SRR -C SRR , both being uncoupled if the TWs and SRRs are placed symmetrically with respect to each other. In order to reduce the size of the unit cell without affecting the macroscopic parameters, the SRR resonance product L SRR · C SRR must be kept constant, and typically C SRR would have to be increased to compensate for the decrease in L SRR subsequent to size reduction, while increase in the TW plasma frequency might be mitigated to some extent by the reduction of the wire diameters, but at the expense of increased losses. Higher flexibility seems to be available in TL MTMs.
Bandwidth enhancement
Equations (9), or more generally equations (11), highlight another important aspect of CRLH MTM homogenization. The cutoff frequencies, the operation bandwidth, are functions of the LC parameter values. In fact, the actual MTM bandwidth, if we define bandwidth as the frequency range for which p λ g /4, is limited to the following circular region around the spectral origin
whereas the X and M points of the spectral plane correspond to β X = π/p and β M = √ 2π/p respectively. Therefore, the X-point cutoff frequencies (6) and (7) provide an upper boundary or an overestimated value for bandwidth. These expressions can nevertheless be considered to examine the variations of bandwidth in the homogenization process. We observe in (6) and (7) with (11) that when the size of the unit cell is decreased, the RH low-pass cutoff f cR and the LH high-pass cutoff f cL are decreased and increased respectively, which leads to a strong increase in the operation bandwidth. Thus, homogenization provides the benefit of enhanced MTM bandwidth. In the limit where p/λ g → 0, f cR → 0 and f cL → ∞, so that the bandwidth tends to become infinite, as in a natural substance like air or glass. However, a fundamental difference between a CRLH MTM and a conventional, RH, material is the fact that the phase origin (β = 0 or λ g = ∞) in the former case is located at a finite (arbitrary) frequency ω 0 whereas it is located at the frequency zero in the latter case. A CRLH MTM will therefore never conduct direct current (DC), a characteristic which may be useful in applications for decoupling between bias and signal circuits.
Figures 2 and 3 exemplify these bandwidth considerations. The size of the unit cell is larger (ζ = 1/2 < 0, i.e. p l = 2p = 10 mm) in the case of figure 1 than in the case of figure 2 and smaller (ζ = 5/2 > 0, i.e. p s = 2p/5 = 2 mm) than that in the case of figure 3 . The fractional bandwidths, as defined by (12) , as the cell size increases with p = p l = 10 mm, p = 5 mm and p = 2 mm are 67, 115 and 175% respectively. Bandwidth increase in the RH range is linear, according to (7) , due to the linear nature of the RH part of the dispersion relation (5) . In contrast, bandwidth increase in the LH range is bounded to the range [0, f 0 ], due to the hyperbolic nature of the LH part of the dispersion relation (5) . In this discussion we have considered the transition frequency f 0 constant. Naturally, it would be possible to re-design the MTM by increasing this frequency to achieve broader LH bandwidth if necessary. Institute of Physics ⌽ DEUTSCHE PHYSIKALISCHE GESELLSCHAFT
Isotropy and homogeneity improvement
In the homogenization procedure described in the previous two sections, only the size of the unit cell p is decreased while β(ω), and therefore λ g (ω) , are kept constant. 6 As a consequence, the edges of the Brillouin zone, such as for instance β X = ±π/p or β M = ± √ 2π/p, are shifted to larger values; equivalently, the isofrequency curves β(k x , k y ) for all frequencies are shifted towards the centre of the spectral plane and become more circular, as it may be observed by comparing figures 2 and 3. Therefore, a frequency at which the structure was anisotropic for a coarse structure becomes perfectly isotropic when the cell size has been reduced (without any change in refractive index). This is for instance the case for the LH frequency 3 GHz and the RH frequency 10 GHz from figure 2 to figure 3. Since the MTM is operated in its fundamental mode, perfect isotropy means perfect homogeneity.
If the structure is not perfectly homogeneous, its field distributions are altered by higher frequency space harmonics. This is easy to see when the MTM, for fabrication and computation convenience, is made periodic. Any field component ψ within the structure may then be expressed in terms of Floquet-Bloch harmonics [23] as
where the second, reflection, term is negligible if the structure is well matched to its source. If pβ is made very small, the space harmonics β n (n = 0) are shifted to much higher frequencies than the frequency range of operation and their coefficients ξ ± n become therefore negligible because no coupling to them can occur. Therefore, only the fundamental mode survives and the field distributions resemble a perfect sinusoid for a harmonic excitation. If, in contrast, the pβ approaches π/2, coupling starts to occur with the lowest space harmonics, and corresponding higher spatial frequencies become apparent on the field patterns. This fact was demonstrated experimentally by near-field measurement along a 1D CRLH TL in [24] , where it was verified that an increasing number of Floquet-Bloch terms need to be taken into account in order to model the fields distributions when frequency was shifted away from the phase origin f 0 both in the LH range and in the RH range, as will be shown in the examples of the next section.
It should also be noted that an electrically large unit cell favours diffraction losses, represented by the attenuation factor α in (13) . This represents an additional reason why homogenization is desirable in current MTMs.
Illustrations with practical CRLH MTMs
We will now consider two practical examples of planar (2D) mushroom CRLH MTMs to support the discussion developed in the previous sections. The mushroom configuration was depicted in figure 1(a) and its circuit model was shown in figure 1(b) . In the first example, presented in figure 4 , we have a simple 2D mushroom structure excited in its centre by a coaxial probe [25] . FDTD simulation and measurement results are seen to be in excellent agreement. The following first observation can be made by comparing the field distributions at the two frequencies 3.35 and 3.7 GHz, both located in the LH range of the structure ( figure 1(b) ). When frequency is increased from 3.35 and 5.31 GHz, the guided wavelength increases, as expected, due to left-handedness, which is characterized by λ (5)). The second observation, more directly related to the present discussion, is that the higher frequency displays a slightly higher isotropy, in agreement with the prediction of the previous section, due to the fact that it is closer to the spectral origin, where the dispersion function β(k x , k y ) is closer to a circle, i.e. exhibits a higher degree of azimuthal symmetry. The presence of space harmonics due to relatively large p/λ g is visible under the form of small oscillations superimposed on the main variations of the wave fronts.
The example, presented in figure 5 , consists of the same 2D mushroom structure also excited by a coaxial probe but presenting a parabolic interface with RH parallel-plate waveguide structure [26] . A feature that attracts interest in a parabolic 'refractor'with a RH medium and a LH medium, or more precisely a CRLH medium operated in its LH range, with same electromagnetic density (n) is that focusing/collimating with a much lower reflection may be achieved than by using two RH media [27] . In this example, yet another parasitic effect of relatively large λ g /p is present: the curved interface, which should be ideally a perfectly smooth parabola, needs to be approximated by a staircase profile with resolution p. Consequently, diffraction of the wave, in particular its space harmonics since these Bloch waves have wavelength comparable to p, induce losses at figure 1(d) ). (c) Measured E-field at 3.8 GHz.
the interface. Although the principle of conversion from a cylindrical wave, in the RH parallelplate region to a plane wave, in the CRLH mushroom region, is apparent in figure 5 , the results obtained do not yet seem satisfying for practical refracted-wave applications, and it is clear that homogenization of the MTM would be strongly desirable to improve the response of the results.
In order to anticipate the benefits of homogenization in a MTM, such as the mushroom structure described above, we now present TLM [28] simulation results. There is a twofold reason for the choice of the TLM here. Firstly, as the size of the unit cell is significantly decreased and therefore the number of cells in the MTM is dramatically increased (e.g. from 17 × 17 = 289 to 170 × 170 = 28 900 in the next two figures), full-wave simulations involving fine meshing of the unit become impossible on today's computers. Secondly, the TLM, which treats a mesh cell as a 2D TL section, is ideally suited for a TL MTM, since the numerical cell of the algorithm directly corresponds to the nature of the physical cell of the structure. Figures 6 and 7 show simulations corresponding to the structures of figures 4 and 5, where the size of the unit cell has been reduced by a factor 10, without modification of the refractive index. Note that here both the CRLH and the RH media are structured with the same lattice constant. Spectacular improvement in the field patterns is observed as a results of homogenization. In the case of the parabolic interface, the intermediate case where the CRLH medium has been homogenized but the interface is still approximated in the rough resolution of the initial case ( figure 7(a) ), is also shown in figure 7(c) ; the parasitic effects of this rough approximation of the ideal parabolic interface are clearly seen in the figure. 
Conclusions
The problem of homogenization of electromagnetic LH or CRLH MTMs has been presented. The undesirable effects of an electrical very large structural unit cell have been explained and illustrated by full-wave simulations and experiments with CRLH mushroom structures. These effects are limited bandwidth, anisotropy, poor refraction due to coupling with space harmonics (for instance leading to diffuse focusing), and diffraction at the interface, in particular curved, with other media. TLM simulations have demonstrated that homogenization may mitigate or completely suppress these parasitic effects, if the homogenization factor is sufficient.
It is anticipated from these results that homogenization of current MTM structures by a factor of one order of magnitude will lead to spectacular improvements in their performances, which will pave the way for a new generation of quasi-optical devices, beam-formers and antennas. This contribution has revealed a key challenge in this homogenization procedure: larger inductances
